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1 HRILYTUEF (quoted from Wikibooks)

e Boltzmann Factor ~

Particles in a gas lose and gain energy at random due to collisions with each other. On
average, over a large number of particles, the proportion of particles which have at least
a certain amount of energy € is constant. This is known as the Boltzmann factor. It is

a value between 0 and 1. The Boltzmann factor is given by the formula:

n
— —¢F
o

€

S

where n is the number of particles with kinetic energy above an energy level €, ng is the
total number of particles in the gas, T is the temperature of the gas (in kelvin) and k is
the Boltmann constant (1.38 x 10-23 JK-1).

J

==Derivation==

In the atmosphere, particles are pulled downwards by gravity. They gain and lose gravita-
tional potential energy (mgh) due to collisions with each other. First, let’s consider a small
chunk of the atmosphere. It has horizontal cross-sectional area A, height dh, molecular den-
sity (the number of molecules per. unit volume) n and all the molecules have mass m. Let

the number of particles in the chunk be N.

N
Adh

Therefore:

V=Adh

(which makes sense, if you think about it)

By definition:

N =nV =nAdh

The total mass Y m is the mass of one molecule (m) multiplied by the number of molecules

(N):

Ym =mN = mnA dh

Then work out the weight of the chunk:
W = g¥m =nmgA dh

25



The downwards pressure P is force per. unit area, so:

W nmgA dh
P = = =
1 1 nmg dh

We know that, as we go up in the atmosphere, the pressure decreases. So, across our little

chunk there is a difference in pressure dP given by:

dP = —nmg dh
(1)
We also know that:
PV = NET
So:
NET
P=—
v
But:
- N
v
So, by substitution:
P =nkT
So, for our little chunk:
dP = kT dn

(2)

If we equate (1) and (2):

dP = —nmg dh = kT dn

Rearrange to get:

d_n _ —nmyg
dh kT

Integrate between the limits ng and n:

L kT /” 1 kT . ., _ —kT kT n

—dn=——/lnn)] — (Inn—Ilnng) = ——1In—
o myg myg

mg mg o
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o I/ n/pREEDHBIHENIZ SV TOEHEILDRE
o TV hrE—|Z25\TDBoltzmann O FEFZR

MWEFONDN, Py brE—ZEVENT

EHIDRE
FLFEN, AV, = F—=ENNTRE —E LW ) FJMEO T THEIRIEICSH 5 R13, #
PR B S~TH LWL THIRT %,

ZTHIFFEBRTH- T, EETHIETHL RN LICHEE, ZOFBAEFMICERT 52 & bE
BREIREET D 2 & b TE AV, ZOFEOR Y SEOMEHEN (T TN I s ad ) =0
= O O O i D A = - T R T
L oD TRIRREICH D R EE X B, R T ORITAE T N,

KD &y 5D NF—EMZIEEICe (1=1,2,3,...) :
LT 5, BT RAX—WEMITITA; (i=1,2,3,...) HOE . ' ]%
BHY, ZOWEOHTILTEDRFDOFF >R LF—1 ¢ T

b5 LT H, FHRIBM, LTFORNEY o, e 3%
g, A
N = >m (2.1) [ 3: TRl Yl

N 8 ki1 1% (’I’L1,’I’LQ,TL3,. . ) L (61,62,63, . ) DARRE
WZEID L TH, ng XA ADEDIREER L > TH IV, n; (SRIGT BDHEANIREE DS D%
Win,y &
N!
ni!-ng!-ng!- ..

LT, BVTHRREE TG A OB Wi,y NEFEREITKKRISELTWS (T FAE—BXROD
EA, 1o TH(2.3) 06 Wiy ZRKNICT DR EE, JISLRPPEICELZL SO, b
DT XL F —IRTE € ISV DRI DBEE (B)n; ORI KRE 5,

N, (n1,n2,n3,...) ITEXICL TR HRKE WO TStirling OEEIH LD

Wingy =

AT AR AT (2.3)

logWin,y =~ NlogN — N — Z(nl logn; —n;) + Zni log A;

NlogN =3 log Z— (o (3.5) (2.4)
LLTEu, (2.5)

W{ni}, (nl,ng,n3,...), (61,62,63,...), (Al,AQ,A3,...) GiEb\(:ZEfobifib‘@ffoC
Win,y DR AKDTRIZE L OTRIMEERLNT, K(3.5) LR(2.2) DEIED FT Wiy
DEY, logWi,y ZRRICT D E&2E 25, /b bLaglange DREREZ M\ o, 8 %
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REFRKE LT, (3.5), (2.2), (2.4) 5
NlogN—Znilog%
+ alN = )+ BE - Y an) (2.6)

% (n1,n2,n3,...) [COWTRHED LEBEZRD D, N OH(2.6) IZiF n; IZ2NTD7 =
AL = APNENDTIHRIT T NTRE D, Thbb,

n;

~log 3~ fes = 0 (2.7)
ThHY, TNEERT DL

ni = A; exp(—a — Be;) (2.8)
ZZTeap(—a) & A LB L

n; = AN exp(—PBe;) (2.9)

THY, FERNPLHICERTLEINLUT TS = ,%LT THHENDNY,

€

kT

n, = AN, exp(— ) (2.10)

LW B TERNF =R €; IZH DR FOBE (B)n; KEA2bD, ZDH(2.10) FD exp(—
ZBoltzmann AF &9,

€
ksT
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3 RLy<wrok
FEHPE T, IIRATHICTE LT L & | TRV —IRIE ¢; ICh BRITOBE ($o)n, 1

= Aexp(— k;ij) (3.1)

TEHIND LEZD (ARNNIREE DT, foT, ZRAX—0EN ug —uy THD L
2 72 2 DDORLTIREE p1, po DHHIT
D2 U2 — U1

oy = (= 7T ) (3.2)

TRIND (kg 1ZANVY ~ B, TIXRE), Zi% Boltzmann DX & W9,
g, LOLFEHREREZ T 5 L (3.2) 1%

& =ex (—U2_U1)
C1 P RT

L%, THERRESHTZ VIR OTAXAFX—TRFHZV ITHOTRALF—D N(TRH e

(3.3)

- U —U e e
) T2 D720, ug —uy = 2N L. R=kgN (RIFREER) 215,
&y
%—MzRTM% (3.4)
1

T, HERE ’%@/ﬁﬂﬁz%%zéoxf :M’ZL/S#&)Z;S uE CBWT1LELHEY I T XL

Ey—FE; =

In=2 (3.5)

L7210, Nernst OB ENN D,

FE% CICR T, ABEE D Boltzmann O & W o7z & & X0 —RAIIXBM T EOEMEL
RMNEHALD BB % S, Bl ATENARFET v XV OIEHEL, NIEHEEIZ OV TE R L5, K
(3.2) 123V T Open state & Closed state D _D>DIKHEEE % %, Open state X gating charge
DEhE L 2T E R BREREICE SV TER I D L& 2 UX, Open state |23 L T72
SNTALFIIHERENOHEF w & gating charge DEYEIZ K HHF —2,¢. E TREND, =
Z T z4 I% gating charge D&, g 1FERFEE, EIIREMN, €T, X (3.2) 1%

0 w—25q F

L 720 | gating charge BIREN OEBE ST 5728 Open state DL G EBNAKFIEE 25 &
ML, DFEV . BAARFNET v 2V OIEMEAL, RIEVEL % Boltzmann O X THiTET 5
LW S DL, gating charge £\ 9 voltage sensor & F v RI/LBFFO &) ) RERICHKS N T
SNDHOTHD, 7272 L. gating current DSREH I TWDF ¥ FUIEE 5 £ I3, 4
A (3.6) x—RICE S ELONDBITEBE LEZ S,

¢ -
2 i 22l
0 - en-BE)
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& > T Open state DFHXTHEE L

o 1
O+C 1+ exp{—(E — Ey)/s}

(3.7)

TRIND, Eyix Open state DFGHER S x5 & 50 %2722 B AR T, s 1d scaling

factor,
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EITIER
REANEERILX—ADEE

1 RNILX—ADEHE
s ’\‘)LR—’fU)EIE\

b BEATIRIC VT, po,p ETNENEE, EE, ENL L, h &REOKEOH S,
g ERONHIE LTS, 0k

1 -
Epv2+pgh+p= —XE

WYL, ZOFEHENLI—ADEBL N,

J
4: FEAIA
4T, AEIICHTZHED B HBICB S L&, EggoNL 3L
pVa = pVe S Va=Vg (1.1)
Flo. ZORERKN A D B EFTHRNALEGE.

- N .1 5 1 9
EH) T %L F— :EPVB"UB — §pVAvA (1.2)
PLE TRV — pVpghp — pVagha (1.3)

BADEAEL EBNEHT R X —OFRTER, FROBAITENZE 2 RN E DT 2
VW TRARREOEA O (L R ¥ — L EB T R LR — S E ) & AR
LEZDE, LMD FRA~OENE

P,V4 — PgVpg (1.4)

EintR(L1), (1.2), (1.3), (1.4) £

1 1
(5,0VBUQB — §pVA’Ui) + (pVthB — pVAghA) = P,V4 — PgVgp

1 1
3PVA + pgha+ Pa = 5pvh + pghs + Py

1 e
§pv2+pgh+p=*ni [
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